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Abstract

Let z1,...,xr be n-bit numbers and T' € N. Assume that Py,..., Pk
are players such that P; knows all of the numbers except z;. They want to
determine if 2521 x; = T by broadcasting as few bits as possible. In [7]
an upper bound of O(y/n) bits was obtained for the k = 3 case, and a lower
bound of w(1) for k > 3 when T' = ©(2"). We obtain (1) for £k > 3 an
upper bound of k+O((n+log k)*/(1s@k=21)) (2) for k = 3, T = ©(2"), a
lower bound of 2(loglogn), (3) a generalization of the protocol to abelian
groups, (4) lower bounds on the multiparty communication complexity of
some regular languages, and (5) empirical. results for k = 3,

1 Introduction

Multiparty communication complexity was first defined in [7] and was used to
obtain lower bounds on branching programs (BPs). It has been used to get
additional lower bounds and tradeoffs for BPs [1, 5], lower bounds on data
structures [5], time-space tradeoffs for restricted TMs [1], and unconditional
pseudorandom generators for logspace [1].

Def 1.1 Let f: {{0,1}"}* — {0,1}. Assume, for 1 <14 < k, P; has all of the
inputs except ;. Let d(f) be the total number of bits broadcast in the opti-
mal deterministic protocol for f. This is called the multiparty communication
complezity of f. This scenario is called the forehead model.
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The multiparty communication complexity of the following function was
used [7] to obtain superlinear lower bounds on constant width BPs (improved [2,
4, 14)).

Def 1.2 Let k,n,T € N. (T stands for Target.) Let fr7 : {{0,1}"}* — {0,1}

be defined as k
fk,T(xl,...,ajk):{l iij:1$j:T;
0 otherwise.

We refer to f 1 as the Ezact-T problem.

Determining d(fx r) is equivalent to a problem in combinatorics. From this
one obtains:

d(fs,r) = O(V/n).
2. For all k, for T = ©(2"), d(fx,r) is not constant in n.
This paper contains the following.
1. New upper and lower bounds on d(fx r):

(a) For k>4, d(fxr) < k+ O((n + logk)'/(lek=2)1)),
(b) For k = 3, for T = O(2"), d(fs,r) > Q(loglogn). The proof uses a
Ramsey-theoretic lemma (Lemma 5.1).

2. A group-theoretic version of the Exact-T" problem that we denote fkg T

(a) Bounds on d(f5) yield bounds on d(fi 1)

(b) For all finite abelian groups G of size g, (fg’T) > Q(logloglog g).
)
)

(¢) For almost all finite abelian groups G, a nontrivial protocol for fk T

(d) d(f! m) < k+ O((logm + log k)Y/(1s(2k=2)]))

3. Application: We use the lower bound on d( fkg ) to obtain lower bounds on
the multiparty communication complexity of several regular languages.

4. Empirical results: We have some empirical results about 3-free sets that
lead to concrete upper bounds on d(fs ) for T = 2".

Notation 1.3 If T' € N then [T] denotes the set {1,...,T}.

Def 1.4 Wessay f <¢C g if there exists a protocol for f that has the following
properties. (1) The protocol may invoke a protocol for g once on an input of
length O(n), (2) before and after the invocation, the players may broadcast

O(1) bits, and (3) f =0 g if f <¢ o) g and g <O( ) f. Note that <90 4
transitive and that if f <% g then d(f) < d(g) + O(1).



2 Multiparty. Comm. Comp. and Combina-
torics

In this section we review the connections between the multiparty communication
complexity of f3 r and combinatorics that was first established in [7]. We also
review the upper and lower bounds that they obtained.

Def 2.1 Let ¢, k,T € N with k > 3.

1. A proper c-coloring of [T1F~! is a function C : [T]*~! — [¢] such that there
do not exist x1,...,x5—1 € [T] and A € Z — {0} with (1) for all ¢, z; + X €
[T], and (2) C(x1,x2,x3,...,xx—1) = C(x1 + A\, 22, 23,...,Tp—1) =+ =
C(z1,m9,T3,...,Th—1+ N)

2. Let x%(T) be the least ¢ such that there is a proper c-coloring of [T]*~!.

Theorem 2.2 [7]
1o d(fer) <k—14lglxx(T)+1)] =k +1g(xx(T)) + O(1).
2. If x1,...,x € {0,..., T} then d(fir) > lg(xx(|£])) + Q(1).

Def 2.3
1. A k-AP is an arithmetic progression of length k.
2. A set A C[T] is k-free if there do not exist any k-AP’s in A.

3. Let 1y (T) be the size of the largest k-free subset of [T7.

The next theorem states combinatorial facts that are needed for the upper
and lower bounds, and then the bounds themselves.

Theorem 2.4 [7]
1 d(frr) < k=1+1g(xx(T)) < k—1+[1g(%2;’@) + 1] = k+0(log (L1800 )
2. For all k, x1(2™) is an increasing function of n.
3. If T =0O(2") then d(fr,r) = w(1).

Chandra, Furst, and Lipton used the fact that there are 3-free sets of [T'] of

size T2~ 0o ™)'/ (due to [6], but see [13] for a constructive version and [8] for
an exposition) to obtain the following.

Coralary 2.5 dfs7) < OLVIET). WhenT = O(2'), ) = OLVIET) =
O(y/n).



3 New Upper Bounds

The following lemma yields large k-free sets. We will use these sets to obtain
new explicit upper bounds for xx(T) when k > 4, which will in turn yield new
explicit upper bounds on d(f 7). This lemma was first proven in [15] but see
also [12].

Lemma 3.1 rk(T) > TQ—O((logT)l/(Ug(%’Z”)).

Theorem 3.2
1. d(frr) < k+ O((log kT)'/(LUs(k=2)))y,
2. If T =©(2") then d(fr.r) = k+ O((n + log k)l/(ug(%_g)]))_

Proof: (1) Follows from Theorem 2.4 and Lemma 3.1. (2) Follows from part
1 of this theorem. ||

4 Group Theoretic Version
We define a group-theoretic version of the Exact-T" problem.
Def 4.1 Let G = (G, ®) be a group.

1. Let fkg’T : G¥ — {0,1} be defined by

. k
fkg(ﬂﬁh...,xk):{l lfQj:}ijID;
0 otherwise.

2. A G-proper c-coloring of G¥~1 is a function C' : GF=1 — [c] such that there
does not exist z1,...,2x-1 € Gand A € G—{ID} with C(x1,...,z5_1) =

O(Il @A,IQ,Ig,...,I}C_l) == C($17I2,I3,...,Ik_1 @/\)
3. X5 (G) be the least ¢ such that there is a G-proper c-coloring of GF~1.

The proof of the following theorem is a modification of a proof from [7],
hence we omit it.

Theorem 4.2 If G is a finite abelian group then lg(x5(G)) + Q(1) < d(ff) <
k+1g(xi(9)) + O(1).

Note 4.3 In Theorem 4.2 d(f¢) > lg(x5(G)) + Q(1). Chandra, Furst, and
Lipton obtained d(fr,r) > lg(xx(| £ ])) + €©(1). They have a factor of 1 and we
do not because in the group case, for any x1,...,25_1 € G there is an x € G
such that fkg(xl, ..., Tk—1,2) = 1; by contrast, there are z1,...,2;_1 € [T] such
that, for all x € [T], fk,T(l'ly ey L1, 33) = 0.



The next lemma shows a relation between d(f¢) and d(fxr) that we will
use to obtain bounds on one from bounds on the other.

Def 4.4 Zg is the group with set {0,1...,7 — 1} under modular addition.

Lemma 4.5 Let T € N and k > 3. Then the following hold.
1. d(frr) < d(fi") + O(1).
2. d(fi,”") < d(fer) + O((log(k)2" /T).

3. If T =2 then d(f27) < d(fur) + O(logk).

5 Lower Bounds

5.1 An Q(logloglog g) Lower Bound for d( 3ZT) and d(fsr)

The following combinatorial lemma will allow us to prove a lower bound on
d( f3g ) for a variety of G. This lemma is a reworking of a theorem of Graham
and Solymosi [10].

Lemma 5.1 There exist absolute constants go,dy such that the following is
true. Let G = (G,®) be any finite abelian group and let g = |G|. If g > go
and ¢ < dgloglogg then there are no G-proper c-colorings of G x GG. Hence
X3(9) = Q(loglog g).

Proof:  Assume that C is a G-proper c-coloring of G x G. We will find sets
X1,Y1 C G such that C restricted to Xy x Y7 uses ¢ — 1 colors. We will iterate
this process to obtain X, Y, such that C restricted to X. x Y. uses 0 colors.
Hence | X.| = 0 which will yield ¢ = Q(loglog g).

Let Xo = G, Yy = G, hg = |Xo| = |Yo| = g, COLy = [c]. At stage s the
subset will be X x Y5, the size of X will be hy = | Xs| = ||, and COL; will
be the colors used by X x Y.

Assume X, Y;, hs are defined and inductively COL; = [¢c — s] (we will be
renumbering to achieve this). Partition X, x Yy into sets P, indexed by a € G
defined by P, = {(z,y) € Xs xY; | « @ y = a}. (Think of P, as the ath anti-
diagonal.) There exists an a such that |P,| > [h%/g]. There exists a color,
which we will take to be ¢ — s by renumbering, such that at least th / g-| / c]
of the elements of P, are colored ¢ — s. (We could use ¢ — s in the denominator
but we do not need to.) Let m = [[h%/g] /c]. Let {(z1,91),--., (Zm,ym)} be
m elements of P, such that, for 1 <i <m, C(z;,y;) =c— s.

Claim 1: For all t # j, x; # x; and y; # y;.

Proof: If z; = x; then 2;0y; = a = 2;0y; = ; Oy;. Hence y; = y;. Therefore
(xi,v:) = (xj,y;). This contradicts P, having m distinct points. The proof that
Yi # y; is similar. End of Proof of Claim 1

Claim 2: For all i # j, C(x;,y,) #c—s.



Proof: 1f C(z;,y;) = ¢ — s then C(z;,y;) = C(x;,y:) = C(zj,y;) = c—s. If
A= (a7t ®xz; ®y;) then C(z;,y;) = C(x; © N, y;) = C(xi,y; ®A). This violates
C being a proper coloring. End of Proof of Claim 2
Let

hsy1 = m/ =[m/3]

Xs+1: {xla"'axm’}

Yor1 = A{Ymt1-m/-- - Ym}

COLs11 = [c—(s+1)]

Note that, by Claim 2 above, {C(x,y) | # € X511,y € Ysy1} € COLgy;.
We iterate the process ¢ times to obtain X,., Y. such that COL restricted to
X x Yy uses 0 colors.

We have hg = g and

- (51

One can easily show that h, > (36)%

Taking s = ¢ we obtain h. > (3@%. Hence there is a set of h? points that

are O-colored. Therefore h. < 1. This yields ¢ = Q(loglogg). |
Theorem 5.2 If G is a finite abelian group then d(f5) > Q(logloglog|G]).

Proof: By Lemma 5.1 x5(G) > Q(loglog |G|). By Theorem 4.2, d(fS)
lg(x3(9)) = Q(logloglog|G]). 1

Y

From Theorem 5.2 and Lemma 4.5 we obtain the following.

Theorem 5.3 Let T € N. d(fsr) > Q(logloglogT) — O(W). IfT =
©(2") then d(fs,r) > Q(loglogn) — O(log k).

5.2 An w(1l) Lower Bound for General G and k
From Lemma 4.5 and Theorem 2.4 we obtain the following.
Theorem 5.4 d(kam) =w(1).

For other groups we cannot use Lemma 4.5 and hence we develop other
techniques.

Def 5.5 Fix k. The phrase d(f{) = w(1) means that, for all constants d, there
exists gg, such that for all finite abelian groups G of size g > go, d(fkg) >d.

Def 5.6 PART,, ;. : {{0,1}"}* — {0,1} is the following function. Interpret
the input as k subsets of {1,...,n}. Output 1 if these sets form a partition of
{1,...,n}, and 0 otherwise.



Tesson [17, 18] proved the following. He used the Hales-Jewitt Theorem
(see [9]) which is why the bound is w(1) instead of something more concrete.
We use this lemma to obtain d(f{) = w(1).

Lemma 5.7 For all k, d(PART,, ;) > w(1).

Lemma 5.8 Let k > 3. Let hy,...,hy, > 2. Let G = Zyp, X --- X Zp,, For all
k, d(PART,, ;) < d(fJ) +O(1).

Proof sketch: One can show that PART,, ; §?C(1) fkg (Recall Defini-
tion 1.4.) |

Lemma 5.9 If G; and Gy are groups, k > 3, d( kgl) < d(fkgl ng).

Theorem 5.10 For all d, k there exists gy such that for all finite abelian groups
G, |G| > go, d(f7) > d. In short, the bigger the group, the larger d(fy), without
bound.

6 App. to Multiparty. Comm. Comp. of Reg
Languages

In this section we use Theorems 5.2 and Theorem 5.10 to obtain lower bounds
on the multiparty communication complexity of many regular languages.

The 2-party communication complexity of regular languages has been defined
and solved completely [16, 20, 19]. The multiparty communication complexity
of regular languages (defined initially in [16]) still has many open problems. The
standard problem in this field is as follows.

Def 6.1 Let L be a regular language and k be the number of players. Ry, is
the following problem.

1. Let = ajas - - - agy be a string such that (Vi)[a; € 3 U {e}].
2. Player P; gets all a; such that j 4 (mod k).

3. The players want to determine if ajas - - - ag, € L.

Notation 6.2 The multiparty communication complexity of Ry r is denoted
d(Ry,L).

Notation 6.3 Let c € ¥, m € N, and r € N such that 0 <r <m — 1.

1. #4(w) is the number of ¢ in w.



2. Loym ={w| #o(w) =r (mod m)}.

Lemma 6.4 Let k,r,m € N such that 0 <r <m—1. Let |¥| > 2 and 0 € &
and L = Ly . Then ka’" S?C(l) Ry 1. (Recall Definition 1.4.)

Proof:  We show f,%;" §COC(1) Ry r. It is easy to show that ka’" ECOC(I) f,gr,

hence we will have ka’"' Sg(l) Ri.p.

We map (¢1,- - ., qr) to astring w of length km such that f,%;”(ql, o qr) =1
iff #,(w)=r (mod m).

For each i, 1 < i <k, there are m positions that are =4 (mod k). Map to
a string such that ¢; of those positions are o and the rest are not o.

If w is the resulting word then #,(w) = Zle g;- Hence g1 + - +qpr =7
(mod m) if we L. |

Theorem 6.5 Let k,r,m € N such that 0 <r <m—1. Let |X| > 2 and o € 3.
Let L= Lo .

1. d(Rs,1) > Q(logloglogm).
2. Forallk >4, w(1) < d(Rg,L).

Proof: By Lemma 6.4 d(f{) < d(Rx 1.).
1) By Theorem 5.2 d(f§) = w(logloglogm). Hence d(Rs 1) = w(logloglogm).
2) By Theorem 5.10 d(f§) = w(1). Hence d(Ry, 1) = w(1). |

7 Upper Bounds
7.1 Upper Bounds for G =7,
The proofs in this section are a reworking of those in [7].

Notation 7.1 If G = (G,®) is a group and d € G, k € N, then d* means
d® --- ® d where there are k d’s.

Def 7.2 Let G = (G,®) be a group. Let T = |G|.

1. A k-APY is a multiset of the form {a,a ® d,a ® d2,...,a ® d*~1} where
a,deqG.

2. A set A C G is k-free if there do not exist any k-AP9’s in A.

3. Let r;(G) be the size of the largest k-free subset of G.



Lemma 7.3 IfG is a finite abelian group then x;(G) < O(lCLlellGh)y Xi(M) <

T log(T w9 B
O( rk(E%\(/l)) ) :

Lemma 7.4 Let T € N. y(Zy) < 20((ogT)V/(HEE=20)

Theorem 7.5 Let T € N. d(f*") < k4 O((log kT)*/(1e(Zk=2)1)),

7.2 Upper Bounds for General Groups

If G has low characteristic then it does not have large k-free sets, so the technique
of Lemma 7.3 does not improve upon a trivial upper bound. Hence we use other
techniques.

Lemma 7.6 Let Gy = (G1,®1) and Go = (G2,®2) be any two finite groups.
Let ny,no be such that, for i = 1,2, 2%~ < |G| < 2™, Assume ny < ny. We
represent elements of G; by a subset of {0,1}"2. Let G = Gy X Gs.

1. x3(9) < 2" = O(|Ga)).
2. d(f§) < 2+ nay = O(log(|Gal)).

Proof:
1) Let & : {0,1}™ x {0,1}" — {0,1}™ be the bitwise XOR function. For
i = 1,2 Let ID; be the identify in G;.
We show that x3(G) < 2™2. Let (a1, az), (b1, b2) € G1xGs. Let C((a1,az), (by,b2)) =
ay @ by € {0,1}™2. Tt is easy to show that C is a G; x Ga-proper coloring.
2) Since x3(G) < 2™ we have, from Theorem 4.2, d(fsg) <24ns. 1

Lemma 7.7 If G =Gy x -+ x G, then x;:(G) < [Ti_; x;:(Gi)-
Proof:  Let C; be a proper xj(G;)-coloring of fol. Let C be the coloring
Cl(zh, .., 2h), 2 = Cu(et, o 2P (2, 2.

It is routine to check that this is a G-proper coloring. [
Lemma 7.8 If G is a finite abelian group, k > 3, then d(fkg) < d(fkg_l).

Theorem 7.9 For all k > 3 there exists o < 1 such that for all finite abelian
groups G d(f7) < k+ alg(|G|) + O(1). (There is a nontrivial protocol for f¢.)



Proof sketch: Fix k. Let G be a finite abelian group of size g. By the
classification of finite abelian groups G = Zj,, X - - - X Zp, for some factorization
g = H?:l hi. We assume h; < --- < hy. By Lemma 7.4, for all 4, x;(Zp,) <
90((lghs)/*=1)

There are two cases. They depend on a constant 3 to be picked later.
Case 1: b < lgg. By Lemma 7.7 x:(G) = X5(Zn,) - - X5 (Zn,) < [T/, 20((eh:

S0 lg(xi(9)) < 30, O((gha) /D) < O, (g ha)/*-).

The quantity Zi’:l(lg hi)Y/ (=1 where Hle h; = g, is maximized when

hi = - = hy = ¢g*/*. Hence Z?ﬂaghi)l/(k—l) < pE=2)/(k=1)(1g g)1/(k=1)
Pick 3 < 1 such that a = ¢g*—2/(:=1) < 0.9,
Case 2: b > (lgg. Since all h; > 2 we have Hffl h; > 2b/2 > 9Pl89/2 — 4B/2,
S0 [17_y /01 hi < g'~ /P Let Gy = Zn, X+ xLn,,, and G = Zn, ., %X Ln,
Note that G = G; x G and that |G| > |G4|. By Lemmas 7.8 and 7.6 d(f{) <
d(f3)1g(|G2)+0(1) < lg(g"~"/*)+0(1) < (1-6/2)1g g+0(1). Since 0 < § < 1
we have (1 — (3/2)) < 1. Take o = max{0.9,1 — (3/2)}. 1

)1/(}(}71))

8 Open Problems
1. If T'=©(2") then Q(loglogn) < d(fs3,r) < v/n. Improve either side.

2. fT = 0(2") and k > 4 then w(1) < d(fr1) < k+O((n+logk)*/ (1ek=2)])),
Improve either side.

3. Theorem 4.2 shows lg(x(G)) +Q(1) < d(f7) < k+1g(x;(G)) +Q(1). For
a variety of abelian groups G estimate x;.(G).

4. What happens to d( fkg ) if G is nonabelian? A Monoid? Infinite?

5. Empirical studies could be done to see if there are colorings that use
substantially fewer than the number of colors induced by 3-free sets.
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N
10

100
1000
10000
100000
106
107
108

1060
109
1062
1003
1064
1099

9 Appendix:

Gasarch and Glenn [8] produced tables of sizes of 3-free sets. The table below
was produced using their software. The table gives n, a lower bound on r3(3N),

+ 1)—‘ (from Theorem 2.4.1). We also

give the ratio of d(f3 r) to v/n since O(y/n) is what the analysis gives. We only
show an excerpt of the table- the full table will be in the journal version.

n:@N;wdaﬁj):3+ﬁg

1. The lowest value where we know that the main protocol beats the trivial

I3 (3N)
10

48

210
1024
4096
16384
65536
262144

4.54 x 10%
3.61 x 10°0
2.87 x 10°1
2.28 x 10°2
1.81 x 1053
1.44 x 10%4

df

10
12
13
15
16
18

47
47
47
48
48
48

6N In(3N)
r3(3N)

4

10
14
17
20
24
27

200
203
206
210
213
216

one is around 10%. This is fairly small.

B

Sy Ot O U s W hN—

15
15
15
15
15

Empirical Results

ratio
0.286
0.333

04
0.333
0.385
0.333
0.312
0.333

0.319
0.319
0.319
0.312
0.312
0.312

2. The ratio seems to be around 0.31. This is fairly small.
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